
MA TH CHA PT E R F 
Determinants 

In the next chapter we will encounter n linear algebraic equations in n unknowns. 
Such equations can be solved by means of dete1minants, which we discuss in this 
MathChapter. Consider the pair of linear algebraic equations 

a11X + a12Y =di 

a21x + a22Y = d2 
(F. 1) 

Ifwe multiply the first of these equations by a 22 and the second by a12 and then subtract, 
we obtain 

or 

a22d1 - a12d2 x=------
a11a22 - a12a21 

(F.2) 

Similarly, if we multiply the first by a 21 and the second by a 11 and then subtract, we get 

(F.3) 

Notice that the denominators in both Equations F.2 and F.3 are the same. We represent 

a 11a 22 - a 12a 21 by the quantity I a 11 a 12 I, which equals a 11a 22 - a 12a 21 and is called a 
a21 a22 

2 x 2 determinant. The reason for introducing this notation is that it readily generalizes 
to the treatment of n linear algebraic equations in n unknowns. Generally, an n x n 
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determinant is a square array of n2 elements arranged inn rows and n columns. A 3 x 3 
determinant is given by 

a,, a12 a13 

a21 a22 a23 = 

a31 a32 a33 

a, 1a22a33 + a21a32a13 + a12a23a31 
(F.4) 

- a31a22a13 - a21a12a33 - a, 1023a32 

(We will prove this soon.) Notice that the element aiJ occurs at the intersection of the 
ith row and the )th column. 

Equation F.4 and the corresponding equations for evaluating higher-order determi­
nants can be obtained in a systematic manner. First we define a cofactor. The cofactor, 
A;j, of an element aij is an (n - I) x (n - I) determinant obtained by deleting the 
ith row and the )th column, multiplied by (- J)i+J. For example, A 12, the cofactor of 
element a12 of 

is 

EXAMPLE F-1 

o, 1 012 013 

D = 021 022 a23 

031 a32 a33 

Evaluate the cofactor of each of the first-row elements in 

2 - J 

D = 0 3 - I 

2 - 2 

SOLUTION: The cofactor of a 1 I is 

The cofactor of a12 is 

1+210 - 11 A12= (- l) 2 l = - 2 

and the cofactor of a 13 is 

A13= (- 1) = - 6 1+310 31 
2 - 2 
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We can use cofactors to evaluate determinants. The value of the 3 x 3 determinant 
in Equation F.4 can be obtained from the formula 

a11 a12 a13 

a21 a22 a23 =a11A11 + a12A12 + a13A13 

1 a31 a32 a33 1 

Thus, the value of D in Example F- 1 is 

D = (2)(1) + (- 1)(- 2) + (1)(- 6) = - 2 

EXAMPLE F-2 

(F.5) 

Evaluate D in Example F- 1 by expanding in terms of the first column of elements 
instead of the first row. 

SOLUTIO N: We will use the formula 

The various cofactors are 

and 

and so 

A11=(- 1)2I -~ - ~1 = 1 

A21= ( - 1)
3 l =~ ~I = - I 

4 1- 1 11 A31=(- J) = - 2 
3 - I 

D = (2)(1) + (0)(- 1) + (2)(- 2) = - 2 

Notice that we obtained the same answer for D as we did for Example F- 1. This 
result illustrates the general fact that a determinant may be evaluated by expanding 
in terms of the cofactors of the elements of any row or any column. If we choose the 
second row of D , then we obtain 

1

-1 
D = (0)(- 1)3 

- 2 ~I + (3)(- 1)41 ~ ~I + (- 1)(-1)5 1 ~ -11 = - 2 
- 2 

Although we have discussed only 3 x 3 determinants, the procedure is readily extended 
to determinants of any order. 
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EXAMPLE F-3 
In Chapter 11 we will meet the determinantal equation 

x 0 0 

1 x 1 0 
=0 

0 l x l 

0 0 j x 

Expand this determinantal equation into a quartic equation for x. 

SOLUTI ON: Expand about the first row of elements to obtain 

x 

x I x 

0 

0 

x 

0 

0 x =0 

0 l x 

Now expand about the first column of each of the 3 x 3 determinants to obtain 

(x)(x)lx 11 - (x)(l)ll 01 - (l)lx '1=0 
I x I x I x 

or 

x 2(x 2 - 1) - x(x) - (l)(x2 - I)= 0 

or 

x4 - 3x2 + I= 0 

Note that because we can choose any row or column to expand the detenninant, it is 
easiest to take the one with the most zeroes! 

A number of properties of determinants are useful to know: 

1. The value of a determinant is unchanged if the rows are made into columns 
in the same order; in other words, first row becomes first column, second row 
becomes second column, and so on. For example, 

2 

- ] 0 

3 

5 1 

- ] = 2 

2 5 

- 1 3 

0 

- 1 21 

2. If any two rows or columns are the same, the value of the determinant is zero. 
For example, 
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4 2 

- I 0 

3 

41 
- I =0 

3 

3. If any two rows or columns are interchanged, the sign of the determinant is 
changed. For example, 

3 - I 

- 6 4 5 -

2 2 

3 - 1 

4 - 6 5 

2 2 

4. If every element in a row or column is multiplied by a factor k, the value of the 
determinant is multiplied by k. For example, 

5. Ifanyroworcolumn is written as the sum ordifferenceoftwoormore terms, the 
determinant can be written as the sum or difference of two or more determinants 
according to 

I a11 ± a;J ' a12 a13 a11 a12 a13 a11 a12 a13 

l a21 ± a~1 a22 a23 a21 a22 a23 ± 
I 

a22 Cl23 a21 

a31 ± a;I a32 a33 a31 a32 a33 
I 

a32 Cl33 a31 

For example, 

1

3 3I I 2 + 1 
2 6 = - 2 + 4 ~I = 1 -~ ~ I + I~ ~ I 

6. The value of a determinant is unchanged if one row or column is added or 
subtracted to another, as in 

a11 a12 a13 a11 + a12 a12 a13 

a21 a22 a23 = a21 + a12 a22 a23 

a31 a32 a33 a31 + a32 a32 a33 

For example, 

I - 1 3 0 - I 3 0 - I 3 

4 0 2 4 0 2 4 0 2 

I 1 2 13 2 7 2 3 1 
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In the first case we add column 2 to column 1, and in the second case we added 
row 2 to row 3. This procedure may be repeated n times to obtain 

a11 a12 a13 a11 + na12 a12 a13 

a21 a22 a23 a21 + na22 a22 a23 (F.6) 

a31 a32 a33 a31 + na32 a32 a33 

This result is easy to prove: 

a11 + na12 a12 013 I a11 a12 a13 l a12 a12 a13 

a21 + na22 a22 a23 - a21 a22 a23 + n a22 a22 a23 

a31 + na32 a32 a33 a31 a32 a33 a32 a32 a33 

a11 a12 a13 

- a21 a22 a23 + o 

a31 a32 a33 

where we used m le 5 to write the first line. The second determinant on the right 
s ide equals zero because two columns are the same. 

We provided these rules because simultaneous linear algebraic equations can be 
solved in terms of determinants. For simplicity, we will consider only a pair of equations, 
but the final result is easy to generalize. Consider the two equations 

a11x + a12y=d1 

a21x + a22y = d2 
(F.7) 

If d1 = d2 = 0, the equations are said to be homogeneous. Otherwise, they are called 
inhomogeneous. Let's assume at first that they are inhomogeneous. The determinant of 
the coefficients of x and y is 

According to rule 4, 

Furthermore, according to rule 6, 

1 a11x + a12Y 

I a21x + a22y 
(F.8) 
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Ifwe substitute Equation F.7 into Equation F. 8, then we have 

Solving for x gives 

Similarly, we get 

I 
d1 a12 I 
d2 a22 x=----

1 

a11 a12 I 

a21 a22 

I 
a11 d1 I 

y = a21 d2 

I 
a11 a12 I 
a21 a22 

(F.9) 

(F. l 0) 

Notice that Equations F. 9 and F. l 0 are identical to Equations F. 2 and F. 3. The 
solution for x and y in terms of determinants is called Cramer's rule. Note that the deter­
minant in the numerator is obtained by replacing the column in D that is associated with 
the unknown quantity and replacing it with the column associated with the right sides of 
Equations F. 7. This result is readily extended to more than two simultaneous equations. 

EXAMPLE F-4 
Solve the equations 

and 

x + y + z = 2 

2x - y - z = 1 

x + 2y - z = - 3 

SOLUTI ON: The extension of Equations F.9 and F.10 is 
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Similarly, 

l 2 l 

2 I - I 

y = 
I - 3 - I 

l I I 

- 9 
=-= - 1 

9 

2 - I - l 

l 2 - I 

What happens if d 1 = d2 = 0 in Equation F.7? In that case, we find that x = y = 0, 
which is an obvious solution called a trivial solution. The only way that we could obtain 
a nontrivial solution for a set of homogeneous equations is for the denominator in 
Equations F. 9 and F.10 to be zero, or for 

(F. 11) 

In Chapter 8, we will meet equations such as 

and 

where the Hij and S;i are known quantities and cl> c2, and E are to be determined. We 
can appeal to Equation F. 11 , which says that for a nontrivial solution (in other words, 
one for which both c1 and c2 are not equal to zero) to exist, we must have 

I 
H11 - ES11 

H12 - ES12 
(F.12) 



Problems 

When this determinant is expanded, we obtain a quadratic equation in E , yielding two 
roots. The determinant in Equation F.12 is called a secular determinant and Equa­
tion F.12 itself constitutes a secular determinantal equation. 

EXAMPLE F-5 
Find the roots of the determinantal equation 

1
2 - A. 3 1=0 

3 4 - A. 

SOLUTION: Expand the determinant to obtain (2 - A.)(4 - A.) - 9 = 0 or 
A.2 - 6A. - l = 0. The two roots are 

6 J40 
A. =-±-=3±Jl0 

2 2 

Although we considered only two simultaneous homogeneous algebraic equations, 
Equation F.11 is readily extended to any number. We will use this result in Chapter 8. 

Problems 
F-1. Evaluate the determinant 

Add column 2 to column I to get 

2 

D = - l 3 2 

2 0 

3 

2 3 2 

2 0 

and evaluate it. Compare your result with the value of D. Now add row 2 to row I of D 
to get 

4 3 

- 1 3 2 

2 0 

and evaluate it. Compare your result with the value of D above. 
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F-2. Interchange columns l and 3 in Din Problem F-1 and evaluate the resulting determinant. 
Compare your result with the value of D. Interchange rows l and 2 and do the same. 

F-3. Evaluate the determinant 

D = - 2 

6 

4 - 2 

- 3 

Can you determine its value by inspection? What about 

2 6 
D = - 4 4 - 2 

2 - 3 

F-4. Find the values of x that satisfy the following determinantal equation: 

x l 

l x 0 0 
= 0 

l 0 x 0 

0 0 x 

F-5. Find the values of x that satisfy the following determinantal equation: 

x 0 1 

l x 0 
= 0 

0 l x 

l 0 I x 

F-6. Show that 

cos B - sin B 0 

sin B cos B 0 = I 
0 0 

F-7. Find the three roots of the determinantal equation 

I - A. 0 

I - A. = 0 

0 I - A. 

F-8. Solve the following set of equations using Cramer's mle: 

x + y = 2 

3x - 2y = 5 



Problems 

F- 9. Solve the following set of equations using Cramer's rule: 

x + 2y + 3z = - 5 

- x - 3y + z = - 14 

2x + y + z = l 

F-10. Determine the values of x for which the following equations will have a nontrivial 
solution. 
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