MATHCHAPTER F

Determinants

In the next chapter we will encounter n linear algebraic equations in n unknowns.
Such equations can be solved by means of determinants, which we discuss in this
MathChapter. Consider the pair of linear algebraic equations

apx +apy =d, (E1)
ayx +ayy =d,

If we multiply the first of these equations by a,, and the second by a,, and then subtract,
we obtain

(ayjaxn —apay)x =day —dyap;

or

_ and, —apd, (F2)

ddyy — dypdy)
Similarly, if we multiply the first by a,, and the second by a, and then subtract, we get

= aydy — ayd, (E3)

dpdyy — dyady)

Notice that the denominators in both Equations F.2 and E3 are the same. We represent
ap dp
dz) dp
2 x 2 determinant. The reason for introducing this notation is that it readily generalizes
to the treatment of n linear algebraic equations in n unknowns. Generally, an n x n

aydyy — a0y, by the quantity , which equals a,a,, — ay;a,, and iscalled a
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determinant is a square array of n” elements arranged in n rows and n columns. A 3 x 3
determinant is given by

app apy dp
a11ay2a33 + ay1a3a13 + d12a2303) ;
dyy dyp dy3|= (E4)
— a3pdad)3 — dxdppdsz — dp1d3asn
a3 43 433
(We will prove this soon.) Notice that the element ¢;; occurs at the intersection of the
ith row and the jth column.

Equation FE.4 and the corresponding equations for evaluating higher-order determi-
nants can be obtained in a systematic manner. First we define a cofactor. The cofactor,
A;j, of an element q;; is an (n — 1) x (n — 1) determinant obtained by deleting the
ith row and the jth column, multiplied by (=it For example, A, the cofactor of
element a;, of

app app dps
D=\ay ay axp
d3; dzy diz
1s

A[Z = (_1)1""2

dzy dp3 ‘

dazy dszz

EXAMPLE F-1
Evaluate the cofactor of each of the first-row elements in

2 -1 1
D=0 3 -1
2 =2 1
SOLUTION: The cofactor of a;; is
3 -1
Ay =(=piH! =3-2=1
n=(=0n 2 1
The cofactor of a5 is
0 |
Avs=(—1 142 )
2=(=D 5 1
and the cofactor of a5 is
0 3
A= _l)l+3 =
3= g =3
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We can use cofactors to evaluate determinants. The value of the 3 x 3 determinant
in Equation FE4 can be obtained from the formula

ay dp dpg
y Ay ay|=apApntapAptapips (ES)

dz) diz ds3

Thus, the value of D in Example F-1 is

D= @2)() + (=D(=2) + (D (—6) = -2

EXAMPLE F-2
Evaluate D in Example F-1 by expanding in terms of the first column of elements
instead of the first row.

SOLUTION: We will use the formula
D =ap Ay +ayAy+az Ay

The various cofactors are

3 -1

Ay = (=172
11()_2 1

-1
A :-13‘
21=(—1) 5

and

-1

Asje= (=1* =
1= (=1 3 i

and so

D=@2)()+ O)(=D+ 2)(=2)=-2

Notice that we obtained the same answer for D as we did for Example F-1. This
result illustrates the general fact that a determinant may be evaluated by expanding
in terms of the cofactors of the elements of any row or any column. If we choose the
second row of D, then we obtain

— OV V3
D= (0)(=D 5

1
| ‘ + 3 (=D?

i cpeps|?
1 2 —2

E

Although we have discussed only 3 x 3 determinants, the procedure is readily extended
to determinants of any order.
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EXAMPLE F-3
In Chapter 11 we will meet the determinantal equation

1

—_—

0
0
=)

== I = -
= - =

x 1
I x
Expand this determinantal equation into a quartic equation for x.
SOLUTION: Expand about the first row of elements to obtain
x 1L 0 I 1 0
x|1 x 1|—=|0 x 1|=0
¢ 1 = 0 1 «x

Now expand about the first column of each of'the 3 x 3 determinants to obtain

(x)(x)

X
1

1 1 0 1
‘—(X)(l)‘ ‘—(l) ‘=0
X I x X

X
1
or

Pt —D—x(x) = (D2 =D=0
or

=324+ 1=0

Note that because we can choose any row or column to expand the determinant, it is
easiest to take the one with the most zeroes!

A number of properties of determinants are useful to know:

1. The value of a determinant is unchanged if the rows are made into columns
in the same order; in other words, first row becomes first column, second row
becomes second column, and so on. For example,

1 2 5 I -1 3
-1 0 —=1|=(2 0
31 2 5 —1 2

2. If any two rows or columns are the same, the value of the determinant is zero.
For example,
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4 2 4
1 0 —1|=0
31 3

3. If any two rows or columns are interchanged, the sign of the determinant is
changed. For example,

301 -1 1 3 =l
6 4 S5|=-|4 —6 5
12 2 2 1 2

4. Ifevery element in a row or column is multiplied by a factor k, the value of the
determinant is multiplied by k. For example,

6 8 3 4
=2
=1. 2 —1 2
5. Ifanyrow or column is written as the sum or difference of two or more terms, the

determinant can be written as the sum or difference of two or more determinants
according to

! !

a“:i:a“ dpp a3 app dap dpg apn a2 4
it . !

aytay ay ap|=|ay ap ap|*|ay apn ap
il 3 !

a31:l:“31 d3p a3z d3;p a3 diz ds dzy diz

For example,
3 3 2+1 3| | 2 3 1 3
2 6] |[-2+4 6| [-2 6] |4 6

6. The value of a determinant is unchanged if one row or column is added or
subtracted to another, as in

dpy app dpg aptap ap aps
dyy ayy Q3 |=|dy+dy dyp dxy
a3y dzy dsz ajy +asy azp  dsz
For example,
1 -1 3 0 -1 3 0 —1 3
4 0 2|=|4 0 2|=|4 0
3 2. 1 7
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In the first case we add column 2 to column 1, and in the second case we added
row 2 to row 3. This procedure may be repeated n times to obtain

ay dp dpg ayyt+nap ap aps
Ay @y 3| =|ay +nay day daj (E.6)
d3y diz dszz azy+nasy asyp  dasz

This result is easy to prove:

ajp tnap ap dg app apy 4y dpp dpp dp3
ayytnay dxy ay| =|dy dyp ay|+n|dypy dp dpj
az +nasy azy;  ds; dz;p dzy diz dzp dip dsj

app dapp 4p

=|dy ap ay|+0

asp  dizz  dij

where we used rule 5 to write the first line. The second determinant on the right
side equals zero because two columns are the same.

We provided these rules because simultaneous linear algebraic equations can be
solved in terms of determinants. For simplicity, we will consider only a pair of equations,
but the final result is easy to generalize. Consider the two equations

apx +apy=d,

(E7)
ayx +ayy=d,

If dy = d, = 0, the equations are said to be homogeneous. Otherwise, they are called
inhomogeneous. Let’s assume at first that they are inhomogeneous. The determinant of
the coefficients of x and y is

‘all dpp

dazy Ay

According to rule 4,

ap X dp
‘ =xD

azi X dp
Furthermore, according to rule 6,

a1 X ayay [
11X+ ap)] 2| _ . p (ES)

anx = ary  dy



MathChapter F / Determinants

315

If we substitute Equation F.7 into Equation E.8, then we have

d, a
‘ 1412y p
dy ay
Solving for x gives
‘ dy ap
e dy apy (E9)
ay  dp
dazy dx;
Similarly, we get
ap d
ay .
PO o e ) (F.10)
? dpy dap
dzy dx

Notice that Equations F9 and F.10 are identical to Equations E2 and E3. The
solution for x and y in terms of determinants is called Cramer s rule. Note that the deter-
minant in the numerator is obtained by replacing the column in D that is associated with
the unknown quantity and replacing it with the column associated with the right sides of
Equations E.7. This result is readily extended to more than two simultaneous equations.

EXAMPLE F4
Solve the equations

x+y+z=2

x—y—z=1

and
X+2y—z=-3

SOLUTION: The extension of Equations F.9 and E10 is
2 | |
I -1 -1
11 1 9
2 -1 -1
| 2 -1
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Similarly,
1 2 1
2 I -1
1 -3 -1 -9 {
Y5 1T 1] 9 T
2 -1 -1
1 2 -1
and
1 1 2
2 =1 1
1 2 =3 18
o :—:2
1 1
2 -1 =1
1 2 -1

What happens if d| = d, = 0 in Equation E7? In that case, we find that x = y =0,
which is an obvious solution called a trivial solution. The only way that we could obtain
a nontrivial solution for a set of homogeneous equations is for the denominator in
Equations F.9 and F.10 to be zero, or for

dpy dp

D= =1 (E11)

ay an
In Chapter 8, we will meet equations such as
c(Hy — ESyy) +ca(Hyp — ESyp) =0
and
ci(Hiz — ESyp) +c2(Hypp — ESp) =0
where the H,; and §;; are known quantities and ¢}, ¢, and E are to be determined. We
can appeal to Equation F.11, which says that for a nontrivial solution (in other words,

one for which both ¢ and ¢, are not equal to zero) to exist, we must have

Hy — ES;;, H;—ES); -0

(F12)
Hyy— ES|y Hy —ESy
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When this determinant is expanded, we obtain a quadratic equation in E, yielding two
roots. The determinant in Equation E 12 is called a secular determinant and Equa-
tion E 12 itself constitutes a secular determinantal equation.

EXAMPLE F-5
Find the roots of the determinantal equation

2= 3
3 4 — A

SOLUTION: Expand the determinant to obtain (2 — A)(4 — A1) —9=0 or
22 — 6 — 1= 0. The two roots are

A=

i@:Sﬂ:\/ﬁ

§
2

Although we considered only two simultaneous homogeneous algebraic equations,
Equation F.11 is readily extended to any number. We will use this result in Chapter 8.

Problems

F-1. Evaluate the determinant

2 1 1
D=|-1 3 2
2 0 1
Add column 2 to column 1 to get
3 11
2 3 2
2 01

and evaluate it. Compare your result with the value of D. Now add row 2 to row | of D

to get
I 4 3

-1 3 2

2 0 1

and evaluate it. Compare your result with the value of D above.
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F-2. Interchange columns | and 3 in D in Problem F—1 and evaluate the resulting determinant.
Compare your result with the value of D. Interchange rows | and 2 and do the same.

F-3. Evaluate the determinant

1 6 1
D=|-2 4 =2
1 -3 1

Can you determine its value by inspection? What about

2 6 1
D=|-4 4 -2
§ =3 1

F-4. Find the values of x that satisfy the following determinantal equation:

o e
o o % -
o N O =
H OO -

F-5. Find the values of x that satisfy the following determinantal equation:

x 1 0 1
I x 1 0
=0
0 1 x 1
I 0 1 x
F-6. Show that
cosf —sinf 0
sinf  cosf® 0|=1
0 0 1
F-7. Find the three roots of the determinantal equation
I—a | 0
| -2 1 =0
0 | l—a

F-8. Solve the following set of equations using Cramer’s rule:

x+y=2

Ix—2y=35
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F-9. Solve the following set of equations using Cramer's rule:

x+2y+4+3z=-5

—x—=3y4+z=-14

2x4+yv+z=1

F-10. Determine the values of x for which the following equations will have a nontrivial
solution.

xei+ e+ cey=0
i+ x4+ c3=0
e+ xe3+c;=0

i+t xey=0





